Inversion of adjunction on log canonicity by Kawakita, Masayuki
ar
X
iv
:m
at
h/
05
11
25
4v
2 
 [m
ath
.A
G]
  1
5 N
ov
 20
05
INVERSION OF ADJUNCTION ON LOG CANONICITY
MASAYUKI KAWAKITA
Abstract. We prove inversion of adjunction on log canonicity.
We work over an algebraically closed field of characteristic zero. Let X be
a normal variety and B an effective R-divisor on X. We call the pair (X,B)
a log pair if KX+B is an R-Cartier R-divisor. A valuation v of the function
field of X is called an algebraic valuation of X if it is defined by a prime
divisor E on a non-singular variety X¯ equipped with a birational morphism
f : X¯ → X. Such a valuation is denoted by vE. If (X,B) is a log pair, we
can write KX¯ + B¯ = f
∗(KX +B) +A, where B¯ is the birational transform
of B on X¯ and A is an exceptional R-divisor. We define the discrepancy
aKX+B(v) of v as the coefficient of E in A− B¯. We say that (X,B) is log
canonical if aKX+B(v) ≥ −1 for any algebraic valuation v.
Let S be a reduced divisor on X which has no common component with
the support of B, and let ν : Sν → S denote the normalisation of S. If
(X,S + B) is a log pair, we can construct an effective R-divisor Bν on Sν ,
called the different of B on Sν , in the following manner; see [4, Chapter
16] or [7, §3] for details. The construction is reduced to the case where X
is a surface. Take a resolution of singularities f : X¯ → X of the surface X
such that the birational transform Sν of S on X¯ is also non-singular. Then
Sν is the normalisation of S and we can find an exceptional R-divisor A
on X¯ such that KX¯ + S
ν + B¯ ≡f A. The different B
ν is defined as the
R-divisor (B¯ − A)|Sν . The pair (S
ν , Bν) is a log pair and it satisfies that
KSν +B
ν = ν∗((KX + S +B)|S).
In this paper we prove inversion of adjunction on log canonicity as stated
below. It was conjectured and proved in dimension three by Shokurov in
[7].
Theorem. Let (X,S + B) be a log pair such that S is a reduced divisor
which has no common component with the support of B, let Sν denote the
normalisation of S, and let Bν denote the different of B on Sν . Then
(X,S +B) is log canonical near S if and only if (Sν , Bν) is log canonical.
Note that this statement has been conjecturally generalised to the precise
version of inversion of adjunction in [4, 17.3 Conjecture]. The exposition [5,
Section 5.4] is a good reference on inversion of adjunction.
We begin to prove the theorem. The statement is local so we discuss
over the germ at a closed point x ∈ S ⊂ X. For a resolution of singularities
f : X¯ → X which is proper, we call f a good resolution if its exceptional locus
on X¯ is a divisor of which the summation with the support of the birational
transform of S+B is a simple normal crossing divisor. Given an ideal sheaf
a on X, we say that f is a good resolution for a if furthermore the ideal
sheaf aOX¯ on X¯ is an invertible sheaf. The existence of good resolutions is
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guaranteed by Hironaka’s resolution theorem [2]. We fix a good resolution
of singularities f : X¯ → X. Let S¯ + B¯ denote the birational transform of
S + B on X¯, ν : Sν → S the normalisation morphism, and g : S¯ → Sν the
induced morphism. Let {Ei}i∈I denote the set of prime divisors on X¯ which
appears in either the exceptional locus of f or the support of B¯, and write
KX¯ + S¯ = f
∗(KX + S + B) +
∑
i∈I aiEi with ai := aKX+S+B(vEi). Then
KS¯ = g
∗(KSν + B
ν) +
∑
i∈IS
aiEi|S¯ , where IS := {i ∈ I | Ei ∩ S¯ 6= ∅}.
We mention that (X,S + B) is log canonical if and only if ai ≥ −1 for any
i ∈ I, and (Sν , Bν) is log canonical if and only if ai ≥ −1 for any i ∈ IS . In
particular the only-if-part of the theorem is trivial. It suffices to prove the
if-part of the theorem.
From now on we suppose that ai ≥ −1 for any i ∈ IS . Let L
ν denote
the reduced locus in Sν defined as the union of g(Ei|S¯) for all i ∈ IS with
ai = −1. L
ν is called the locus of log canonical singularities for (Sν , Bν)
and it is independent of the choice of f . We let L denote the reduced locus
ν(Lν) and aL the ideal sheaf on X defining L. We construct a sequence of
ideal sheaves {aj}j≥0 on X in the following manner.
(i) Set a0 := aL.
(ii) Suppose that aj is given. Take a good resolution fj : Xj → X for
aj which factors through f .
(iii) Let Sj + Bj denote the birational transform of S + B on Xj , and
{Ej,i}i∈Ij the set of prime divisors on Xj which appears in either
the exceptional locus of fj or the support of Bj. We can regard
the set I of indices as a subset of Ij by setting Ej,i for i ∈ I as the
birational transform of Ei. Set Ij,S := {i ∈ Ij | Ej,i ∩ Sj 6= ∅}.
(iv) Set ai := aKX+S+B(vEj,i) for i ∈ Ij. Then KXj +Sj = f
∗
j (KX+S+
B) +
∑
i∈Ij
aiEj,i. Write ajOXj = OXj (−
∑
i∈Ij
nj,iEj,i). We set
aj+1 := aL ∩ fj∗OXj (
∑
i∈Ij
(⌊ai⌋ + 1 − nj,i)Ej,i). Here ⌊a⌋ denotes
the round-down of a, that is, the largest integer which is at most a.
The below inequality is obvious by the construction of aj+1.
Lemma 1. nj+1,i ≥ nj,i − (⌊ai⌋+ 1) for i ∈ I.
Let aS denote the ideal sheaf on X defining S. Kawamata–Viehweg van-
ishing theorem [3, Theorem 1-2-3] deduces the following equality.
Lemma 2. aj + aS = aL for any j.
Proof. We shall prove the lemma by induction on j. a0 + aS = aL is trivial
by a0 = aL ⊃ aS . Suppose that aj + aS = aL for fixed j. Take a small
positive rational number ǫ so that ⌈ai − (1− ǫ)nj,i⌉ = ⌊ai⌋ + 1 − nj,i for
any i ∈ Ij with nj,i > 0, where ⌈a⌉ denotes the round-up of a, that is, the
smallest integer which is at least a. We have a natural exact sequence
0→ OXj (
∑
i∈Ij
⌈ai − (1− ǫ)nj,i⌉Ej,i − Sj)→
OXj (
∑
i∈Ij
⌈ai − (1− ǫ)nj,i⌉Ej,i)→ OSj (
∑
i∈Ij,S
⌈ai − (1− ǫ)nj,i⌉Ej,i|Sj )→ 0.
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Since
∑
i∈Ij
(ai − (1 − ǫ)nj,i)Ej,i − Sj ≡fj KXj − (1 − ǫ)
∑
i∈Ij
nj,iEj,i, we
have R1fj∗OXj (
∑
i∈Ij
⌈ai − (1− ǫ)nj,i⌉Ej,i−Sj) = 0 by Kawamata–Viehweg
vanishing theorem [3, Theorem 1-2-3]. Here we should mention that this
theorem [3, Theorem 1-2-3] holds even if D is an R-divisor by its proof.
Hence we obtain the surjective map
fj∗OXj (
∑
i∈Ij
⌈ai − (1− ǫ)nj,i⌉Ej,i)→ fj∗OSj (
∑
i∈Ij,S
⌈ai − (1− ǫ)nj,i⌉Ej,i|Sj ).
For any i ∈ Ij,S, we have ⌈ai − (1− ǫ)nj,i⌉ ≥ −nj,i unless ai = −1 with
nj,i = 0, and if ai = −1 then fj(Ej,i|Sj ) ⊂ L. This implies that
fj∗OSj (
∑
i∈Ij,S
⌈ai − (1− ǫ)nj,i⌉Ej,i|Sj ) ⊃ fj∗OSj (−
∑
i∈Ij,S
nj,iEj,i|Sj) ∩ aLOS
⊃ ajOS ∩ aLOS = aLOS .
Here we used the assumption that aj + aS = aL. On the other hand
⌈ai − (1− ǫ)nj,i⌉ ≤ ⌊ai⌋+ 1− nj,i for any i ∈ Ij , whence
fj∗OXj (
∑
i∈Ij
⌈ai − (1− ǫ)nj,i⌉Ej,i) ⊂ fj∗OXj (
∑
i∈Ij
(⌊ai⌋+ 1− nj,i)Ej,i) ⊂ OX .
Therefore the above surjective map induces another surjective map
aj+1 = aL ∩ fj∗OXj (
∑
i∈Ij
(⌊ai⌋+ 1− nj,i)Ej,i)→ aLOS .
Hence aj+1 + aS = aL and Lemma 2 is proved. q.e.d.
Let m denote the ideal sheaf on X defining {x}. The following lemma is
due to Zariski’s subspace theorem [1, (10.6)].
Lemma 3. Unless ai ≥ −1 for all i ∈ I, we can find an integer j(l) with
aj(l) ⊂ m
l for each l.
Proof. We have aj ⊂ f∗OX¯(−nj,iEi) for any i ∈ I by the construction
of aj . Since nj,i ≥ n0,i − j(⌊ai⌋ + 1) by Lemma 1, we obtain that aj ⊂
f∗OX¯(−(n0,i − j(⌊ai⌋ + 1))Ei). Hence Lemma 3 is reduced to finding an
integer k(l) with f∗OX¯(−k(l)Ei) ⊂ m
l for fixed i and l. Take a closed
point y in Ei ∩ f
−1(x). Then the existence of k(l) is obtained by Zariski’s
subspace theorem [1, (10.6)] for R := OX,x and S := OX¯,y. Note that OX,x
is analytically normal; see [6, (37.5)] for the proof. q.e.d.
We shall complete the proof of the theorem. Unless ai ≥ −1 for all i ∈ I,
we have
⋂
j≥0(aj + aS) = aS by Lemma 3 and the Artin–Rees lemma; so
aL = aS by Lemma 2, which is absurd. Therefore ai ≥ −1 for all i ∈ I and
the theorem is proved.
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